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In this work we study a general vector-tensor model of dark energy with a Gauss-Bonnet
term coupled to a vector field and without explicit potential terms. Considering a spa-
tially flat FRW type universe and a vector field without spatial components, the cosmo-
logical evolution is analysed from the field equations of this model, considering two sets
of parameters. In this context, we have shown that it is possible to obtain an accelerated
expansion phase of the universe, since the equation state parameter w satisfies the re-
striction −1 < w < −1/3 (for suitable values of model parameters). Further, analytical
expressions for the Hubble parameter H, equation state parameter w and the invariant
scalar φ are obtained. We also find that the square of the speed of sound is negative
for all values of redshift, therefore, the model presented here shows a sign of instability
under small perturbations. We finally perform an analysis using H(z) observational data
and we find that for the free parameter ξ in the interval (−23.9,−3.46)×10−5, at 99.73%
C.L. (and fixing η = −1 and ω = 1/4), the model has a good fit to the data.
Keywords: Dark energy; Gauss-Bonnet coupling; Vector field.
PACS Nos.: 95.36.+x, 98.80.-k, 04.50.Kd
1. Introduction
The existence of dark energy (DE) was postulated by two independent research
groups in 1998 (High-z Supernova Search Team and Supernova Cosmology Project)
to explain the regime of accelerated expansion of the current universe and became
one of the greatest unsolved mysteries in physics; as a matter of fact, its origin
from the fundamental point of view is still unknown.1–5 This phenomenon has been
supported also by the observed anisotropies in the CMB spectrum6, 7 and the anal-
ysis of the large scale structures in the universe.8–10 Many phenomenological and
theoretical models have been considered in the last years to resolve the dark energy
problem.11
The natural candidate for dark energy is the cosmological constant,12, 13 con-
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ventionally associated with the energy of the vacuum with constant energy density
and pressure, and an equation of state w = −1. Other proposals incorporate dy-
namical models of DE with scalar fields, which include quintessence, K-essence,
tachyon, phantom, ghost condensates and dilaton.11, 14 An alternative to dark en-
ergy is related to modified theories of gravity, f(R),15, 16 or in its more general form
f(R,G),17, 18 in which dark energy emerges from the modification of geometry. Be-
sides of scalar fields models of DE, in recent years some authors have considered
another alternative about the nature of dark energy, suggesting the possibility that
it could be described by a vector field.19–24 In this sense, we propose a vector-tensor
model of dark energy with a Gauss-Bonnet (GB) term coupled to vector field and
without explicit potential terms. With this proposal, we analyse a possible acceler-
ated expansion phase of the universe in late times. In general, the GB term in four
dimensions is known as a topological term, so the field equations are not influenced
by it. However, when one considers the GB term coupled to the matter field, the
field equations are modified. Further, the GB invariant has an important role in
models with extra dimensions (see Ref. 26 and references therein) and string the-
ory. In string theory, the GB term arises when the tree-level effective action of the
heterotic string is analysed.27, 28 The GB term has been used for several authors in
the context of inflation and dark energy models. A model with vector field coupled
to GB invariant in a type Bianchi I universe was proposed in Ref. 21. Recently, in
Ref. 40 the authors have considered an inflation model with a cosmological vector
field non-minimally coupled to gravity through the GB invariant. In the literature,
usually the GB invariant has been used in models with scalar fields,29–39 and in these
papers it is shown that the GB coupling term may be relevant for the explanation
of accelerated expansion of the universe at late times.
This paper it is organized as follows: in section 2 we introduce the vector-tensor
model with a GB term coupled to the vector field and the corresponding field equa-
tions are obtained. In section 3, we consider a flat FRW type universe and a vector
field without spatial components, and from these considerations we analyse the cos-
mological evolution of this model. Section 4 is devoted to a statistical analysis of
the model, by performing a fit of the single model parameter ξ, to the observational
data for H(z). Finally, some conclusions are exposed in section 5.
2. The model
The most general action for the vector-Gauss-Bonnet dark energy model (without
mater contributions) can be written as
S = −
∫
d4x
√−g
[R
2
+
1
4
FµνF
µν+ ηRµνA
µAν + ωRAµA
µ
+ ξGAµAµ + V (A2)
]
,
(1)
where Fµν = ∂µAν − ∂νAµ, Rµν and R are the Ricci tensor and the Ricci scalar,
respectively, V (A2) is a potential term, G = R2 − 4RµνRµν + RµναβRµναβ is the
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topological GB invariant, and free coupling constants (η, ω, ξ) for each non-minimal
coupling term are included. ω and η are dimensionless, but the dimensions of ξ are
M−2.
Different specific forms of this action have been studied, for instance, in Ref.
24, where dark energy is proposed to be represented by a massive vector field non-
minimally coupled to gravity, but the Gauss-Bonnet invariant is not considered
(ξ = 0 and V (A2) = 12µ
2
ΛAµA
µ in Eq. (1)); also, the authors of Ref. 25 considered a
modified Gauss-Bonnet gravity model (η = ω = 0, V (A2) = 0 in Eq. (1)), in which
inflation and late-time acceleration of the universe is realised.
The variation of the action (1) with respect to the metric tensor gµν gives the field
equations
Rµν − 1
2
gµνR = κ
2TDEµν , (2)
where TDEµν is the energy momentum tensor for the vector field and has the following
form:
TDEµν = T
F 2
µν + T
RAA
µν + T
G
µν + T
Rφ
µν + T
V (φ). (3)
Each term is given by the following expressions (Eqs. (4)-(8)):
TF
2
µν = FµβF
β
ν −
1
4
gµνFαβF
αβ , (4)
TRAAµν = η
(
gµν
[
RαβA
αAβ −∇α∇β(AαAβ)
]
−(AµAν)
+ 2∇β∇(µ(Aν)Aβ)− 4Rβ(µAν)Aβ
)
,
(5)
T Gµν = ξ
(
8
[
R αβµ ν∇α∇β(φ) +Rµνφ− 2∇β∇(µ(φ)R βν) +
1
2
R∇µ∇νφ
]
+ 4
[
2Rαβ∇α∇β(φ) −R(φ)
]
gµν − 2GAµAν
)
,
(6)
TRφµν = −2ω
[
RAµAν +
(
Rµν − 1
2
gµνR
)
φ+ gµν(φ)−∇(µ∇ν)(φ)
]
, (7)
and
T V (φ)µν = −2
dV (AκA
κ)
dAκAκ
AµAν + gµνV (AκA
κ) (8)
where φ = AµA
µ, is an invariant scalar. For more details about the variation of the
Gauss-Bonnet term, see.29
On the other hand, the variation of the action with respect to Aµ, gives the
equation of motion
−∇µFµν + 2ηRνµAµ + 2ωRAν − 2ξGAν + 2
dV (AκA
κ)
dAκAκ
= 0. (9)
October 17, 2018 0:27 WSPC/INSTRUCTION FILE VGB-DE
4 A. Oliveros, Enzo L. Solis, Mario A. Acero
3. Cosmological evolution
To analyse the cosmological evolution of the universe generated by the previous
model and determine if it is possible to obtain a regime of accelerated expansion
of the universe at late times, we regard the flat Robertson-Walker metric for a
homogeneous and isotropic universe, given by
ds2 = dt2 − a(t)2
3∑
i=1
(dxi)
2, (10)
where a(t) is the scale factor. We consider that the vector field has only the tempo-
ral component, i. e. Aµ = (A0(t), 0, 0, 0), which is in agreement with the observed
isotropy and homogeneity of the universe.
Using the FRW metric in Eq. (9) and taking V (A2) = 0, we obtain
(η + 2ω)H˙A0 + (η + 4ω)H
2A0 + 8ξH
2(H˙ +H2)A0 = 0. (11)
Here one can examine a number of interesting possibilities in order to simplify the
problem under study; for instance, with η + 4ω = 0, then η = −4ω, so that if
ω = 1/4 then η = −1. In the present work, we have decided to study this case to
analyse the cosmological evolution of such a model. Further details of this choice
are discussed bellow.
From Eq. (2) and using the previous considerations, the Friedmann equations
take the following form:
3H2 = ρA, (12)
and
2H˙ + 3H2 = −pA. (13)
Here we have used κ2 = 1. ρA and pA are the dark energy and pressure density
respectively of the vector field and are given by (using ω = 1/4, η = −1)
ρA = 3A
2
0H˙ −
9
2
A20H
2 − 3A0A˙0H + 48ξ[A0A˙0H3 −A20H2(H˙ +H2)], (14)
and
pA = A˙
2
0 +A0A¨0 + 6A0A˙0H+A
2
0
(9
2
H2 + 3H˙
)
−16ξ[H2(A˙20 +A0A¨0) + 2A0A˙0H(H˙ +H2)].
(15)
On the other hand, with the selected values for the coupling constants, the equation
of motion (11) becomes
− 1
2
H˙A0 + 8H
2(H˙ +H2)A0ξ = 0, (16)
from which it is possible to obtain an analytical expression for the Hubble parameter,
since the component A0 of the vector field is easily decoupled (a similar result was
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obtained in Ref. 24). To facilitate the procedure, we carry out the change of variable
x = ln a (x is known as the e-folding variable). Then, Eq. (16) can be rewritten as
− 1
4
dH2
dx
+ 8H2
[
1
2
dH2
dx
+H2
]
ξ = 0, (17)
and the solution for this differential equation is
H2(x) = − 1
16ξ

W

−exp
[
2x− A16ξ
]
16ξ




−1
, (18)
where A is a integration constant and W is the “Lambert W-Function” or “Pro-
ductLog” function. Using the initial condition, H(0) = H0 in (18), the integration
constant is
A =
1
H20
+ 16ξ lnH20 . (19)
Before continuing with the analysis of this model, we notice that by looking
at Eq. (11), it is easy to see that another possible choice is η + 2ω = 0. In this
case, η = −2ω, so that if ω = 1/2 one gets η = −1. With these values for the
coupling constants, the first term in Eq. (11) is neglected, and the Einstein’s tensor
Gµν = Rµν − 12gµνR, arises in the action Eq. (1); also, from Eq. (11), the resulting
differential equation has the solution
H2(x) =
e−2x(1 + 8ξH20 − e2x)
8ξ
. (20)
We stress that we checked the fact that the two exposed choices do produce very
similar results, even though the solution shown in Eq. (20) is different compared to
the Eq. (18).
Now, we consider the behavior of the equation of state parameter w in order to
determine if it is possible to obtain an accelerated expansion regime for the universe
at late times. The equation of state parameter w is given by
w = −1− 1
3H2(x)
d
dx
H2(x), (21)
and using (18) and (19), we obtain
w(x) = −1 + 2
3

1 +W

−exp
[
2x− 1
16H2
0
ξ
]
16H20ξ




−1
. (22)
Fig. 1 shows the behavior of w as a function of the redshift z. The continuous
line corresponds to the evolution of w for ξBF , while the shaded region shows the
result of w for different possible values of ξ within a 3σ (99.73% C.L.) interval (see
Sec. 4 for the details). We have considered here H0 = 67.8 kms
−1Mpc−1.42 Also,
the substitution x = − ln (1 + z) has been realized.
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Fig. 1. Evolution of w as a function of z, using the value of the free parameter which gives a best
fit to the data. A 3σ (shadowed) region for allowed values of ξ is shown.
We can see in the Fig. 1 that it is possible to obtain a regime of accelerated expansion
of the universe at late times for a wide range of values of the parameter ξ (up to
a 99.73% CL), since the equation state parameter satisfy the restriction −1 < w <
−1/3. This model behaves as a quintessence scalar field model and a phantom phase
is not observed (w does not cross the w = −1 barrier). Furthermore, the function
w(z) satisfies the following limits
lim
z→∞
w(z) = −1
3
, lim
ξ→0
w(z) = −1. (23)
The second limit corresponds to a de Sitter solution (H is constant). In this case,
the associated cosmological constant arises from the vector field. Finally,
lim
z→−1
w(z) = −1. (24)
In this last limit, the value of coupling constant ξ is arbitrary and in this stage, the
universe is dominated by the cosmological constant (de Sitter phase).
From Eq. (12) and using (14) and (19), we can obtain an expression for the invariant
scalar φ = A0A
0, obtaining
φ(x) = −2
3
+B exp

−3
2
W

−exp
[
2x− 1
16H2
0
ξ
]
16H20ξ



 , (25)
where B is an integration constant, which is given by the initial condition φ(0) = φ0.
The value of initial condition must be consistent with the restriction φ > 0.
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Choosing initial condition, φ(0) = 0, from (25) we obtain
B =
2
3
exp

3
2
W

−exp
[
− 1
16H2
0
ξ
]
16H20ξ



 . (26)
Then, with (25) we plot the scalar invariant φ vs z in Fig. 2. We again use the ξBF
value for the free parameter (explanation provided in Sec. 4) and the corresponding
3σ allowed interval. We see that the function φ is always positive for all redshift
 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0  0.5  1  1.5  2  2.5  3
φ (
z
)
z
99.73% CL (3σ)
ξ = -6.42 x 10-5
Fig. 2. The invariant scalar φ versus the redshift z. See Fig. 1 for the explanation of the shadowed
area.
values.
In order to examine the stability of the model, we study the square of the speed
of sound (v2s ) as a function of the redshift. v
2
s is given by
41
v2s =
p˙
ρ˙
=
p′
ρ′
, (27)
where the prime means differentiation with respect to x. From of Eqs. (14), (15),
(18) and (25), Eq. (27) takes the explicit form
v2s (x) =− 1−
2
3

1 +W

−exp
[
2x− 1
16H2
0
ξ
]
16H20ξ




−2
+
4
3

1 +W

−exp
[
2x− 1
16H2
0
ξ
]
16H20ξ




−1
,
(28)
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and its evolution is depicted in Fig. 3, including the 3σ shaded band for the free
parameter ξ, as explained before. It is noted that v2s is negative for all values of
-0.39
-0.38
-0.37
-0.36
-0.35
-0.34
-0.33
 0  0.5  1  1.5  2  2.5  3
v
s
2
 (
z
)
z
99.73% CL (3σ)
ξ = - 6.42 x 10-5
Fig. 3. Plot of the square of the speed of sound v2s as a function of z. See Fig. 1 for the explanation
of the shadowed area.
z, showing that the model presented here shows a sign of instability under small
perturbations. This behavior does not depend of the initial condition φ(0) = φ0,
which is clear from Eqs. (14), (15) and (27) (one must take into account φ = A20,
φ˙/2 = A0A˙0 and φ¨/2 = A˙
2
0 + A0A¨0). However, it is important to note that the
positivity of v2s is a necessary condition but is not enough to conclude that the
model is stable.43
4. Observational constraints using H(z) data
A simple but robust procedure to study models containing free parameters, is to
perform a least-squares analysis (see Section 38 of Ref. 44), comparing theoretical
predictions from the model for a specific measurable quantity, with experimental
or observational data. In this case, one can carry out such an analysis using the
observational data of H(z) and the obtained result for the Hubble parameter given
by Eq. (18) (or Eq. (20) -see bellow-), which depends explicitly on the only free
parameter of the proposed model.
Here we consider data of the Hubble parameter H(z) for different values of the
redshift, taken from Table I of Ref. 45, and consider the simple χ2-function
χ2 =
N∑
i=1
(
Hithe(z; ξ)−Hiobs(z)
)2
(σiobs(z))
2
, (29)
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where the sum runs up to N = 29, the total number of observed values; Hobs(z)
and σobs(z) are the observed H(z) and its corresponding uncertainty, respectively
(as in45); and Hthe(z; ξ) is the theoretical Hubble parameter, which depends on the
redshift, z, as well as on the free parameter ξ, as expressed by (18).
 0
 5
 10
 15
 20
10
-10
10
-8
10
-6
10
-4
10
-2
10
0
ξBF = - 6.42 x 10-5
∆χ
2
- ξ
99.73% C.L. (3σ)
95.45% C.L. (2σ)
68.27% C.L. (1σ)
Fig. 4. Allowed values of the ξ parameter obtained from the least-squares analysis of the H(z)
data. The best fit value corresponds to ∆χ2 = 0.
The main result of this analysis is presented in the form of the curve show in
Fig. 4, where the quantity ∆χ2 ≡ χ2 −χ2min is plotted for an interesting interval of
values of the free parameter ξ. We found that the fit produces χ2min = 34.85 (for 28
d.o.f) when
ξBF = −6.42× 10−5. (30)
In the figure, and according to,44 we also show the allowed intervals for the ξ
parameter up to 1σ (pink long–dashed line), 2σ (blue dotted line) and 3σ (green
short–dashed line). The corresponding intervals can be seen in Table 1.
Table 1. 1, 2, 3σ intervals for the ξ
parameter obtained by the data fit of
the model to H(z) data.
C.L. ξ
68.27% (1σ) (−8.87,−5.02) × 10−5
95.45% (2σ) (−13.2,−4.11) × 10−5
99.73% (3σ) (−23.9,−3.46) × 10−5
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Notice that our analysis excludes the case for which the GB term is not cou-
pled to the vector field, ξ = 0, at more than 99.73% C.L. Also, despite of the
apparent narrowness of the curve in fig. 4 (note its log-scale of the horizontal axis),
we obtained wide ranges for the values of the free parameter. In order to get even
stronger constraints, one would need to have observational information with smaller
uncertainties, or to use data of some other observables. For instance, one could use
observational bounds on H0, as this parameter also appears explicitly in the theo-
retical prediction for H(z), equations (18) and (19). Otherwise, PPN solar system
constraints could be implemented.
In order to have a taste of the goodness of our fit, we compare the model predic-
tion for H(z) using the best fit value obtained for the free parameter, ξBF, Eq. (30),
with the data points from.45 The resulting plot is shown in Fig. 5.
 50
 100
 150
 200
 250
 0  0.5  1  1.5  2  2.5
H
(z
)
z
Data
Best Fit
68.27% CL (1σ)
95.45% CL (2σ)
99.73% CL (3σ)
Fig. 5. H(z) as given by Eq. (18) for ξBF obtained by the data fit. Observational data are also
plotted to show the goodness of the fit, including 1σ, 2σ and 3σ C.L. bands for the fitted parameter
(i.e., using values of ξ as in table 1 in Eq. (18).)
In the figure, data are plotted with their uncertainties and in addition to the Best
Fit curve (continuous line), the 3σ (inside the blue long–dashed lines), 2σ (inside
the green dotted lines) and 1σ (inside the pink short–dashed lines) bands are also
depicted. Fig. 5 clearly shows that data points (plus uncertainties) are very well
covered by the 3− and even the 2σ bands, demonstrating that our model exhibits
a good fit to the data. Once again, stronger bounds on observational data would
certainly allow one to strengthen also the limits on the model.
Finally, as anticipated above, we have also performed the same kind of analysis
for the other possible values of the parameters in Eq. (11), i.e. η = −1 and ω = 1/2.
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The fit to the observational data is very similar, giving a best fit value for the free
parameter ξ = −1.42 × 10−4 (with χ2min = 31.33/28 d.o.f). Although this value is
slightly larger than (30), the evolution of H(x) given by Eq. (20) is almost equal
to the one given by Eq (18). As a result, and in order to show this similarity, we
compare the evolution of the equation of state, w, as a function of the redshift. The
result is exposed on Fig. 6. It is clear from the figure that the behaviour of w(z)
-1.1
-1
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-1 -0.5  0  0.5  1  1.5  2  2.5  3
w
(z
)
z
99.73% CL (3σ)
ξ = - 6.42 x 10-5
99.73% CL (3σ)
ξ = - 1.42 x 10-4
Fig. 6. Comparison of the evolution of w as a function of z for the two possible solutions discussed
on Section 3. The blue (darker) zone corresponds to (η = −1, ω = 1/4), as in Fig. 1, while the red
(lighter) region corresponds to (η = −1, ω = 1/2).
is basically the same for the two sets of parameters (η, ω), from early times until
present. In both of the cases, it remains valid that w < −1/3, as expected. On the
other hand, even though there is a visible difference in the evolution of the two plot
for z < 0, both of them go to −1, as expected, as well.
With this in hands, anyone could ask why we decided to work and exhibit one
set of parameters over the other. In deed, the main reason is the fact that the case
of (η = −1, ω = 1/2) does not give an analytical solution for the invariant scalar φ,
so making the case of (η = −1, ω = 1/4) more interesting and easier to analyse.
5. Conclusions
The GB invariant coupled to the scalar fields has been widely used in the literature
and it is shown that the GB coupling term may be relevant for the explanation
of accelerated expansion of the universe at late times; it has also been considered
in inflationary scenarios. Furthermore, the GB invariant has an important role in
models with extra dimensions (braneworlds) and in string theory.
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In this paper we have shown that it is possible to obtain an accelerated expansion
phase of the universe for two different sets of values of the parameters η and ω,
from a general vector-tensor model given by Eq. (1), where a vector field coupled
to GB term has been included. This conclusion is supported by the equation state
parameter behavior shown in Fig. 1 (and Fig. 6), as well as Eq. (22), satisfying
the restriction −1 < w < −1/3. Since w does not cross w = −1 barrier, then, a
phantom phase isn’t observed. Moreover, when z →∞ the equation state parameter
w → −1/3 and when ξ → 0, we have that w = −1. This latter case corresponds to a
de Sitter solution (H is constant). In this case, the associated cosmological constant
arises from the vector field. When z → −1 (future) then w → −1, for any value of
coupling constant ξ and the universe in this case is dominated by the cosmological
constant (see eqs. (23) and (24)). We have also obtained an analytical expression for
the invariant scalar φ = A0A
0 given by Eq. (25) and the initial condition φ(0) = 0
was considered, which agrees with the restriction φ > 0 (see Fig. 2).
In order to examine the stability of the model, the square of the speed of sound
(v2s ) as a function of the redshift was analysed (see (28)) and we found that the
square of the speed of sound is negative for all values of redshift; under this criterion,
the model presented here shows a sign of instability under small perturbations (see
Fig. 3). This behavior does not depend of the initial condition φ(0) = φ0.
Finally, by performing a least-squares analysis with observational data of the
Hubble parameter H(z), we found that our model exhibits a good match to the
data with a best fit given by ξBF = −6.42 × 10−5 for η = −1 and ω = 1/4 (and
ξBF = −1.42× 10−4 for η = −1 and ω = 1/2). As explained in Sec. 4, the analysis
provides us with allowed regions for the free parameter ξ (see Fig. 4 and Table 1),
which are used to compute the important quantities along this article (w(z), φ(z)
and v2s(z)), as well as to perform a comparison with the data (Fig. 5). Accordingly,
we can say that the vector-tensor model of dark energy considered in this work is
a phenomenologically viable model. We stress out that, in a future work, the free
parameters of the model (the coupling constant and initial value of the vector field)
could be estimated by using additional restrictions, as for example, the PPN solar
system constraints.
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